Homework 9

Math 121A, Fall 2024.
Due: Monday, October 27, 11:59PM (completion only)

Unless otherwise stated, all solutions require clear, well-written justification. You must explicitly credit
any collaborators for each problem.

Problem 1.

Problem 2.

By last homework, the singularities of sirllz are all at the zeros of sin(z), which occur only at zy =

wk,k € Z. Each one is a simple pole, which will be verified when we compute the residue:

lim (z — k) L _ ! :{

z—km sin(z)  (cos(km))

1 k even
-1 £k odd.

Now for the integrals. The first encloses only one pole at 0, so

(2) dz = 2miResy f = 2mi.
|z|=1

The second encloses simple poles at —m, 0, 7, and no other poles, since 27 > 5:

f(z)dz =2mi(Res_rf + Resof + Res f) = 2mi(—1+1—1) = —2mi.
|z|=5

The final one finds all 2 < 7k < 6, which is just :

/ f(z)dz = 2miRes_, f = —2mi.
|z—4|=2

(The Cauchy distribution) Observe that
1 1

I&) = v~ mer -0

So f has simple poles at ¢ and —i. We set up a contour in the upper half plane, oriented positively,
with C the upper semicircle of radius R, so that by the residue theorem,

R
/ f(z)dz +/ f(x)dx = 27miRes; f = 2mi (—i/27) ,
c -R

where we have computed the residue in the usual way. Now, we estimate the semicircular integral and



show that it vanishes as R — oo:

'/Cf(z) dz

§/|f(z)d2|

c

_ [T |iRe”]

_/0 77‘1—i—(11€ei9)2‘ah9
™ R

N/O s
1

== —=0.
R

where in the third line we have used that when R is very large, |1 + (Re")?| ~|(Re'’)?| = R?, and in
the last line, we have taken R — co. This means that this integral vanishes, and so we are left with

> 1 L
[m m dr = 27T'L(—Z/2’/T) = 1,

verifying that this indeed is a probability distribution.

Problem 3. Compute the following integrals via contour integration. (The solutions are all at the end of this

document. )

2m 1

(a‘ 0 5—3cos@ de.
2T cos 26

(b fO 5+4 cos 6 do.

c fooo (4w21+1)3 de.
e’} z2
Jo @) 4

foo z sinx de.

Problem 4. (Fourier Series)
Let f(z) = >_0° yan2™ converge for|z| < R.

(a) Pick an arbitrary index n. f is holomorphic on its radius of convergence, and so we may apply
Cauchy’s integral formula for the n'" derivative to a circle 7, of radius r for any 0 < r < R, to

obtain that

oy - f(Q) ol [ fe?) o ml [T
S0 = 2mi /% (¢ — z)ntl de = 27Ti/0 (ret —0)nt1 ire”dj = 2 J

)
Then, by Taylor’s theorem, a,, = ! n!(0)7 so we have

1 27 ) )
a, = f(rew)e_me do.
0

2mrn

The most common form of this is where r = 1, the unit circle.

f(reie)e_me do.



(b) Following the hint,

2 1 [ _
‘f(rew)‘ do = Py (rei?) f(re?) do

™ Jo

1 o0 27 .
Py g / anrreidq.rket™ 4o
™

n,k=0"0

1 (o]
— E oG, anr"
2
n=0
o0

D laufr?,

n=0

1 2m
27 Jo

where the crucial third line step holds because r is real and

27 27
/ o0 ,ik0 g _ / pitk=n)0 g0 _ 0 k#n
0 0 2k =n.
inf

This last condition is the most essential part of the proof! This means that the functions " are
orthogonal with respect to the L? inner product on functions (f, g) = OQW F(0)g(0) do.
Problem 5. (Argument principle)

Let f be meromorphic on a region Q. Consider the “logarithmic derivative” F(z) = f'(z)/f(2).

(a) Let zg be an n** order zero of f(z). Following the hint, we use the local description of zeros:
f(2) = an(z — 20)" + any1(z — 20)" T+ ...

Then,
f'(z) _ nan(z — 20)" "1+ O((z — 20)")
f(z)  an(z—20)" +O((z — 20)" 1) -

Let us compute the residue. It will be a simple pole, as evidenced by the below limit existing:

F(z)=

) B . nag(z—20)"+O((2 — 20)" 1) .
Jim (=20 b () = i T Ol =z ) ™

By the residue theorem, the integral over any simple loop ~ containing zy and no other zeros or
poles oriented positively is
!/
/F(z) dz = / F'(z) dz = 2min.
0% 0% f(Z)

(b) Similar to the above approach, we use the local description of f near a pole of order p:

a_p a_q
(zfzo)i’—i_ +zfzo

f(z) =

+9(2),

where ¢(z) is holomorphic near zy. Then,

_ 1) _ (2= 20)f(2) _ —pa_y/(z— ) + O(1)
i) = w7 f() apytO)




whose residue may be computed to be

Res,, F(z) = lim (z — 29)F(z) = —p.

zZ—r 20

Again by the residue theorem we have

/F(z) dz = K{ J;((j)) dz = —2mip.

Putting the two parts together and using the residue theorem, if 7y encircles N zeros of f (counting
multiplicity) and P poles of f (counting multiplicity, we have

') g o
/wf(@ dz = 2mi(N — P).

We can use arguments similar to that of the residue theorem to now find zeros and poles! This is
extremely useful in control theory and circuit design, among other applications.
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